ABSTRACT. This paper establishes a connection between a certain class of Ramsey numbers for graphs and the class of symmetric block designs admitting a polarity. The main case considered here relates the projective planes over Galois fields to the Ramsey numbers R(Ca, Kx ") = f(n). It is shown that, for 2 2 ' 2 2 every prime power q, f(q + 1) = q + q + 2, and f(q ) = q + q + 1.
1.
Introduction. Let A and B be finite graphs. An (A,B, zzz)-graph is a graph G with m vertices such that G contains no subgraph isomorphic to A and the complement G of G contains no subgraph isomorphic to B.
A well-known theorem of Ramsey [28] 
implies the existence of a positive integer R(A,B) such that an (A,B, zzz)-graph exists if and only if zzz < R(A,B).

An (A,B)-gxaph is an (A, B, zzz)-graph with zzz = R(A,B) -1. The problem of
determining the numbers R(A,B) and the (,4, 5)-graphs for given A, B is an area of extremal graph theory which has recently begun to develop rapidly. We refer to this area as "Ramsey graph theory".
The first results of Ramsey graph theory were for the cases where A, B axe complete graphs Kr, Ks. In 1935, Erdös and Szekeres [15] gave estimates for the numbers R(Kr, Ks). In 1955, Greenwood and Gleason [21] computed these numbers for the cases (r, s) = (3, 4) , (3, 5) , (4, 4) ; and in 1968, Graver and Yackel [20] computed the cases (3, 6) , (3, 7) . No further nontrivial cases have been computed, although various bounds have been obtained.
It was preoccupation with the difficult R(Kr, Ks) which delayed consideration of more general R(A,B). The latter problem was defined first in 1966 by Gerencsér and Gyárfás [19] , who computed all numbers R(Pm, P"), where Pm denotes the path with zzz vertices. However, the general problem was anticipated in a paper of Erdös [12] in 1947, in which the right upper bound for the numbers R(Pm, Kn) is determined. Other general formulations were given independently by Cockayne [11] in 1970, and by Chvátal and Harary [7] in 1972.
In contrast to the case of the numbers R(Kr, Ks), many nontrivial results have now been obtained for the numbersR(A,B).
Let Cm denote the cycle with m vertices, and Km n the complete bipartite graph on sets of m and n vertices.
The numbers 7?04,77) have been computed for all pairs 04,77) = (Cm, C"), (Pm ,P"), (Pm, Cn), (Pm,Ku"), (7C1>m,Khn), (Km,Kx>n). Rather than discuss these and other results, we refer the reader to our bibliography, which will be necessarily incomplete due to the rapid rate of new results in this area. This paper begins study of the numbers R(K2 m,Kx "), which are closely related to (v, k, X)-block designs admitting a polarity, and to variants of the "Friendship Theorem" [14] , [25] . The (7C2m, Ä"ln)-graphs contrast with most other classes of (A, 7i)-graphs previously constructed, the latter being typically disjoint unions of complete graphs (or complements of such unions).
The main part of the paper is devoted to the case m = 2,n = q2 + 1 where q is a prime power. In this case, the corresponding block designs are the Singer (q2 + q + l,q + I, I) difference sets corresponding to projective planes over the finite fields GF(q).
The concluding section of the paper states the way in which this result generalizes to other block designs, and in particular to (v, k, A)-difference sets in finite abelian groups. Our general results will appear elsewhere as Ramsey graphs and block designs, the forerunner of the present paper which is itself part I of several specialized applications.
2. The numbers 7?(C4, Kx "). Let G be a finite graph with no loops or multiple edges, with vertex set VG and edge set EG. Let m = \VG\, A(u) = {w G VG\vw G EG} be the set of vertices adjacent to the vertex v in G, 8(v) = |A(u)| be the valence of vertex v in G, and 8(G) the least valence of G. If v and w are distinct vertices, we let 8(v, w) = |A(u) n A(w)|, and dist(u, w, G) be the length of a shortest path in G from v to w (if one exists).
Bars denote analogous terms for the complement G of G. Proof. Since n> I, n + y/n -1 + 1 > n + 2, so we may assume that Remark. If zz = k2 is a square, the lemma says that zzz < k2 + k + 1 so 7zi<zc2+zc = zz+ y/n. Theorem 2 below shows that this bound is attained whenever k is a prime power, thus Lemma 1 is a best possible bound.
If zz is not a square, then the lemma gives that m < n + [y/n] + 1. This bound is attained when zz = 7 by the Petersen graph, proving R(C4, KX1)= 11. The author does not yet know whether zzz = zz + [y/n] + 1 can occur for infinitely many zz not squares. Our results below show that zzz < zz + [y/n] whenever n = q2 + 1 and q is a positive integer. Lemma 2. Let q > 2 be an integer. Let n-q2 + 1, G G Fn, and m = q2 + q + 2. 77zezz rAe following are true:
(1) G is regular of valence q + 1. If v* were adjacent to two vertices w, z of A¡, then <u,-, w, v*, z, v¡) would be a C4 in G, so actually v* is adjacent to exactly one vertex z¡ in each set A¡ for I < i < q + 1. This implies dist(iz,., v*, G) = 2.
Since G p C4, there is at most one path of length 2 joining any two vertices of G. Thus 5(u, w) = 1 if v ¥= w + v*.
Since Case 1 implies q is even and Case 2 implies <z is odd, we must have either that q is even and Case 1 holds for every v G V, ox q is odd and Case 2 holds for every v G V. This completes the proof of the lemma. Lemma 3. Let q > 2 be an even integer. Let n = q2 + 1 azztf G GFn. Then zzz < q2 + q + 2.
Proof. By Lemma 1, zzz < q2 + q + 2. Suppose that m = q2 + q + 2. Then, by Lemma 2, G is regular of valence q + 1 and for every v G V there exists a unique v* G A(v) such that 5(u, v*) = 0, while 5(u, w) = 1 for every w G P"\{u, u*}. It follows that the set F with relation ~ ("adjacency in G") is a nontrivial "homogeneous friendship set" in the sense of H. L. Skala [34] , and Skala has proved [34 Since q > 2, we easily see that exactly one of the following two conditions holds:
(1) q + 1 is a square and 2c -(zzz -2)/2 = 0, or (2) q -1 is a square and 2a -zzz/2 = 0. Suppose (1) holds. Since q is odd, q + 1 is an even square, so q + 1 = 4k2 for some positive integer k. Dividing (*) by y/q + 1, we get y/q + 1 + (2a -zzz/2) = 0, so 2k + 2a = y/q + 1 + 2a = zzz/2, thus zzz/2 is even. But q = 4k2 -1 = 3 (mod 4), so zzz = q2 + q + 2 = 2 (mod 4), hence zzz/2 = 1 or 3 (mod 4) so zzz/2 is odd, a contradiction.
We conclude (1) does not hold, so (2) must. Since q -1 is then an even square, y/q -1 = 2/c for some positive integer k. Then (*) and (2) It is now a straightforward but tedious exercise to use the "local structure" of G given by Lemma 2, and to apply the automorphism v \-> v* to show that G cannot exist. The details are repetitious and uninteresting, and will not be given here. Remark. The above construction is due to Erdôs, Rényi, and Sos [14] , and independently to Brown [3] . It is worth noting that this construction provides examples of "nonhomogeneous friendship sets" (see Skala [34] ) of degree q + 1 for all prime powers q. [34] .
These graphs are a special case of the "(u, k, X)-polarity graphs" we mention in the next section. We now show how they correspond to certain Ramsey numbers. Theorem 1. Let /(zz) = R(C4,KXn). Then /(zz) < zz + y/n -1 + 2 for all n>2, andf(q2 + 1) < q2 + q + 2 for all q>\.
If q = Ps, where p is a prime and s is a nonnegative integer, then f(q2 + 1) = q2 +q +2. By Theorem 1, f(q2) <q2 + q +2, and since /O72) is an integer, /O72) = q2 +q + 1.
3. Ramsey graphs and block designs. This paper was motivated, to a great extent, by the work of Erdös, Rényi, and Sos [14] , and especially by the following result now known as "the Friendship Theorem": See [18] , [25] for elementary graph-theoretic proofs of this theorem. If we define a "X-friendship graph" G to be a finite graph in which every pair of vertices is joined by exactly X paths of length 2 in G, then if X > 1, the graph G must be regular of some valence k. This was proved by Erdös (see [1, p. 485] ), and independently in a stronger form by Ryser [32, Theorem 2.1].
Ahrens and Szekeres [1] called such graphs having v points, valence k, and X paths of length 2 joining any two points, (v, k, X)-graphs. They generalized the Friendship Theorem by constructing nontrivial graphs with parameters v = X2(X + 2), k = X(X + 1) for X any prime power. Rudvalis [31] has investigated (v, k, X)-graphs, and has constructed several other nontrivial families of them.
Of course, for any X there is always the trivial (X 4-2, X + 1, X)-graph which is the complete graph on X 4-2 points. Proposition 1 states that the only (v, k, 1)-graph is the trivial (3, 2, l)-graph K3. Ahrens and Szekeres remark that R. C. Bose has shown that for each X there are at most finitely many (v, k, X)-graphs. Indeed, this follows easily from an eigenvalue argument similar to that used in the proof of our Lemma 4.
Let g(X, n) -R(K2X+,, KXn). It is easy to modify the proof of Lemma 1 to show that g(\, n) < 1 + n + #(X + 1 + V(X -l)2 + 4Xn), and that equality holds here if and only if there exists a (v, k, X)-graph with n = v -k. In particular, g(X, v -k) = 1 + v whenever a (v, k, X)-graph exists.
The construction of Lemma 6 can be generalized. Let D = (V, B) be a
